Abstract: Here we study vector bundles E on the Hirzebruch surface F such that their twists by a spanned, but not ample, line bundle
Introduction
Let F , > 0, denote the Hirzebruch surface with a section with self-intersection − . For any L ∈ Pic(F ) and any vector bundle E on F we will say that E has property £ £ (resp. £ ) with respect to L if 1 (F E ⊗ L ⊗ ) = 0 for all ∈ Z (resp. for all ∈ Z such that 0 (F E ⊗ L ⊗ ) = 0). We believe that property £ is nicer for reasonable L. We take as a basis of Pic(F ) ∼ = Z 2 a fiber of the ruling π : F → P 1 and the section of π with negative self-intersection. Thus 2 = − , · = 1 and 2 = 0. We have ω F ∼ = F (−2 − ( + 2) ). F (α + β ) is spanned (resp. ample) if and only if α ≥ 0 and β ≥ α (resp. α > 0 and β > α). The Leray spectral sequence of π and Serre duality give that contains the sum of the effective divisor and the ample divisor + 2 . Thus for every vector bundle E on F there is an integer 0 (E) such that 0 (F E ⊗ M ⊗ ) = 0 for all ≥ 0 (E). We will see that property £ £ is too strong and not interesting (see Remarks 2.1 and 2.2). We stress that the property £ with respect to M is quite different from similar looking properties (e.g. natural cohomology) with respect to an ample line bundle (see Remarks 2.2 and 2.3 for the rank 1 case). Obviously, properties £ and £ £ may be stated for arbitrary projective varieties. In dimension ≥ 3, one needs to choose between the vanishing of 1 or the vanishing of all , 1 ≤ ≤ − 1. We considered here the example (F M), because it is geometrically significant. Indeed, let φ M denote the morphism associated to the base point free linear system |M|. If = 1 the morphism φ M is the blowing up 
The proofs

Remark 2.2.
Here we study properties £ and £ £ with respect to M for line bundles on 
Remark 2.3.
Here we look at property £ with respect to the ample line bundle R : Remark 2.4. 
Remark 2.5.
The definition of property £ may be given for an arbitrary torsion free sheaf, but not much may be said in the general case. Here we look at the rank 1 case, because we will need it in the proofs of Theorems 1.1 and 1.2. Let A be a rank 1 torsion free sheaf on F . Hence A ∼ = Z ( + ) for some zero-dimensional scheme Z and some integers . Since Z is zero-dimensional, 1 ( Here we discuss the set-up for the rank 2 case. Consider an exact sequence Proof. Proof of Theorem 1.2. Fix a general S ⊂ F such that (S) = . Let E be any torsion free sheaf fitting in the following exact sequence:
We have 1 (E) = F ( + ) and 2 
Also since S is general, every subset of it is general. Hence to check the Cayley-Bacharach condition and thus show the local freeness of a general E given by the extension (5), it is sufficient to prove check the following inequality:
This is true because we assumed ≥ and > 0 (F F (( + 2 − 5) + ( + 2 − 2 − 2) )). Therefore a general E fitting in the extension (5) is locally free. Since F (3 + +2) has as a subsheaf the very ample line bundle F ( + +2), (6) is satisfied if (5) (7) we only have the inequality 2δ ≥ . Everything works in the same way with only minor numerical modifications.
Remark 2.6.
There are at least 2 well-known and related ways to obtain rank ≥ 3 vector bundles as extensions. Instead of (1) we may take the exact sequence
In the proof of Theorem 5.1.6 in [4] , the following extension is used:
The latter extension was after the proof of Proposition 1. 
